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OUTLINE

Introduction to route choice analysis

Challenges: choice sets and correlation

The recursive logit model and a short detour on dynamic discrete
choice models

Misspecification test and relaxing IIA (nested recursive logit and
cross-validation results)

Ongoing research and concluding remarks
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INTRODUCTION

Route choice models are used to analyze and predict which
routes travellers choose in a transport network

They are used in traffic simulation models

Parameters of the models can e.g. be used to assess
individuals’ preferences for certain facilities

This presentation focuses on discrete choice models and in
particular maximum likelihood estimation using revealed
preferences data
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INTRODUCTION

Objectives

Formulate models that assign probabilities to paths in way that
is consistent with rational behaviour
Consistently estimate model parameters using observed path
choices
Apply the model to make predictions in short computational
time
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INTRODUCTION

Networks are complicated...
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Networks are complicated...

intermodal.iro.umontreal.ca |Page 7/65



INTRODUCTION

Networks are complicated...

intermodal.iro.umontreal.ca |Page 8/65



INTRODUCTION

Networks are complicated...
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INTRODUCTION

In this presentation we deal with uni-modal private transport
networks and path observations

Attributes are assumed deterministic (and static)

So, our network is simply a graph with nodes and arcs and
these represent real roads and crossings in the network

In the end of the presentation we will discuss how these
assumptions can be relaxed for certain models
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CHALLENGES

Choice sets are not observed and there are infinitely many
paths connecting each OD pair

Paths utilities are correlated

Models in the literature differ in the way they deal with choice
sets...
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CHOICE SETS – DIFFERENT VIEWS

Models based on a restricted sets of paths (subnetwork)

Two stage models (Manski, 1977)

P(i|M) = ∑
C∈G

P(i|C)P(C|G)

G is the set of all non-empty subsets of a master set M, hence
of size 2|M|−1 (!)
One stage models P(i|C) (all paths outside the choice set have
choice probability zero)

Models based on universal choice sets of paths (network)

Importance sampling of paths and correction of path utilities
accordingly
Network-based models (no choice sets of paths)
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CHOICE SETS – DIFFERENT VIEWS

Horowitz and Louviere (1995)
“[...] choice need not be modeled as a two-stage process in
which a consideration stage precedes choice.”
“consideration sets are indicators of preferences and provide
no information useful for predicting choices beyond that
contained in the consumer’s utility function.”

This view is taken in the approaches based on the universal
set of paths
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CHOICE SETS – EXAMPLE

Small, cycle-free, network with two OD pairs

|U1|= 15 (O1 to D) and |U2|= 21 (O2 to D)
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CHOICE SETS – EXAMPLE

Deterministic link utility (path utilities are link-additive)
va = βLLa +βLCLCa, (β̃T T , β̃LC) = (−2.0,−0.1)
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CHOICE SETS – EXAMPLE

We simulate 500 observations for each OD pair with a logit
model under the assumption that the choice sets are U1 and
U2

We estimate models based on these observations with
different assumptions on the choice sets

Sampled choice sets for each observation using 5 draws (SC)
Choice sets contain only alternatives with high utility (shown
in red), |C1

1 |= 5 and |C1
2 |= 8

Choice sets contain all red alternatives and some blue |C2
1 |= 8

and |C2
2 |= 12

Choice sets contain all red alternatives and even more blue
|C3

1 |= 12 and |C3
2 |= 15
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CHOICE SETS – EXAMPLE

β̂T T β̂LC
RL (U1,U2) -2.11 (0.11) -0.08 (0.05)

PL(U1,U2) -2.11 (0.11) -0.08 (0.05)
PLsc (5 draws) -2.12 (0.12) -0.06 (0.06)

PL(C1
1 ,C

1
2) 5.30 (0.30) -0.02 (0.06)

PL(C2
1 ,C

2
2) 0.31 (0.22) 0.47 (0.07)

PL(C3
1 ,C

3
2) -2.02 (0.12) -0.08 (0.05)
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CHOICE SETS – EXAMPLE

We simulate 500 observations for each OD pair with a logit
model under the assumption that the choice sets are C3

1 and
C3

2

β̂T T β̂LC

RL (U1,U2) -2.02 (0.09) -0.11 (0.05)

PL(U1,U2) -2.02 (0.09) -0.11 (0.05)

PLsc (5 draws) -1.98 (0.10) -0.10 (0.05)

PL(C1
1 ,C

1
2) 5.28 (0.24) -0.02 (0.05)

PL(C2
1 ,C

2
2) 0.44 (0.18) 0.43 (0.06)

PL(C3
1 ,C

3
2) -1.90 (0.11) -0.11 (0.05)
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CHALLENGES SUMMARY

Choice sets: I strongly advocate to stop using consideration
sets, there are other options!

Sampling approach, but you need to know the path sampling
probabilities (Flotterod and Bierlaire, 2013), and you need to
define choice sets for prediction...
Better yet, don’t deal with paths : recursive logit

What to do about correlation?

Sampled alternatives with MEV and mixed logit possible
thanks to Guevara and Ben-Akiva (2013a,b)
Nested, cross-nested and mixed recursive logit (Mai et al.)
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THE RECURSIVE LOGIT MODEL

Fosgeau, Frejinger, Karström (2013). A link-based network route
choice model with unrestricted choice set, Transportation Research
Part B 56(1):70–80.
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INTRODUCTION

Nothing else than a undiscounted, infinite horizon, parametric
Markov decision process with absorbing state

Or can also be called dynamic discrete choice model in its
very simplest form

Why is it neat?

No need to sample paths
Estimation is fairly fast and prediction is really fast
Flexible! You only need to be creative in solving dynamic
programming problems
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INTRODUCTION – EXAMPLE

The deterministic utility depends on length only

MNL model over the choice set of three paths
P(i|C) = e−4

3e−4 =
1
3
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INTRODUCTION – EXAMPLE

What if we model path choice as a sequence of link choices
with a logit at each node?

Left link has P(1|{1,4}) = e−2

e−2+e−4 = 0.88 so paths going left
have choice probability 0.88 ·0.5 = 0.44 and the right path
choice probability is 0.12
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INTRODUCTION – EXAMPLE

Another sequential model that is not myopic but has a logit
choice model at each node...

Left link has P(1|{1,4}) = e−2−1.3

e−2−1.3+e−4 = 0.66 so paths going
left have choice probability 0.66 ·0.5 = 0.33 and the right path
choice probability is 0.33
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A SHORT DETOUR:

DYNAMIC DISCRETE CHOICE MODELS AND
RUST’S MODEL
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INTRODUCTION

Following Aguirregabiria and Mira (2010)

Individuals make sequential decisions, are forward looking and
maximize expected intertemporal utility

Parameters to be estimated describe decision makers
preferences and beliefs about the future
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INTRODUCTION

We assume that time is discretized t = 1,2, . . . ,T and the
horizon T can be finite of infinite

A vector of state variables snt for individual n and time t
describes all relevant information for the decision of interest
known at t

n takes an action/choice ant ∈ Ant
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INTRODUCTION

Instantaneous/current utility of action ant is u(ant ,snt ;β ) (time
separability is assumed)

An individual’s preferences over time are then represented by

T

∑
j=0

ρ
ju(an,t+ j,sn,t+ j;β )

where ρ ∈ (0,1) is a discount factor (ρ is assumed constant
over time)
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INTRODUCTION

The decision at t affects the values of future state variables
and these values are uncertain to the individual

The evolution of future states is represented by a Markov
transition distribution function F(sn,t+1|ant ,snt)
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INTRODUCTION

At each time t, an individual observes snt and chooses
ant ∈ Ant to maximize expected utility

E

(
T−t

∑
j=0

ρ
ju(an,t+ j,sn,t+ j;β )|ant ,snt

)
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INTRODUCTION

Value function recursively defined by Bellman’s equation

V (snt) = max
a∈Ant

[
u(a,snt ;β )+ρ

∫
V (sn,t+1)dF(sn,t+1|a,snt)

]
Parameters to be estimated can be included in the
instantaneous utilities and the transition probabilities in
addition to the discount factor
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DATA

Panel data of n = 1, . . . ,N individuals

Actions (choice variable) ant are observed

snt = (xnt ,εnt) where attributes in xnt are observed

Data {ant ,xnt : n = 1, . . . ,N; t = 1, . . . ,Tn}
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RUST’S MODEL

Rust (1987) formulated a dynamic discrete choice model
which has several similarities with a static logit

We present these assumptions informally (see e.g.
Aguirregabiria and Mira, 2010, for details)
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RUST’S MODEL

Instantaneous utilities are additively separable in observed and
unobserved components u(a,snt) = v(a,xnt)+ εnt(a)

Random terms εnt(a) are i.i.d. Extreme value type I with zero
mean and are independent over time, individuals and actions
and are also independent of everything else in the model

xit ∈ X is discrete and finite

These assumptions imply that
F(sn,t+1|ant ,snt) = Fε(εn,t+1)Fx(xn,t+1|ant ,xnt)
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RUST’S MODEL

The “integrated value function” V̄ (xnt)≡
∫

V (xnt ,εnt)dF(εnt) is the
unique solution to the “integrated Bellman equation”

V̄ (xnt)=
∫

max
a∈Ant

[
v(a,xnt ;β )+ εnt(a)+ρ ∑

xn,t+1

V̄ (xn,t+1) fx(xn,t+1|a,xnt)

]
dF(εnt)

To simplify coming formulae, we define a choice specific value
function

V (a,xnt ;β ) = v(a,xnt ;β )+ εnt(a)+ρ ∑
xn,t+1

V̄ (xn,t+1) fx(xn,t+1|a,xnt)
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RUST’S MODEL

We now define the probability of choosing an action at a
given state

Individuals maximize instantaneous and expected future
utilities

α(xnt ,εnt) = arg max
a∈Ant

V (a,xnt ;β )

We can obtain choice probabilities as in the static logit case
by integrating out the random terms
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RUST’S MODEL

Probability of choosing action a given observed state variables
xnt

P(a|xnt ;β ) =
exp[V (a,xnt ;β )]

∑ j∈Ant exp[V ( j,xnt ;β )]

Given the logit model, the expected maximum utility is the
logsum so we obtain a familiar expression for the integrated
value function

V̄ (xnt) = ln

(
∑

j∈Ant

exp

[
v(a,xnt)+ρ ∑

xi,t+1

V̄ (xn,t+1) fx(xn,t+1|a,xnt)

])
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BACK TO THE RECURSIVE LOGIT MODEL

Fosgeau, Frejinger, Karström (2013). A link-based network route
choice model with unrestricted choice set, Transportation Research
Part B 56(1):70–80.
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RECURSIVE LOGIT

Directed connected network G = (A,V )

Deterministic attributes

A state k ∈ A is a link in the network so that turn attributes
can be included

Choice of one outgoing link (action) a ∈ A(k) at the sink
node of k

Path: (k0, ..,kI) with ki+1 ∈ A(ki) for all i < I
From now on

All equations are destination specific
Notation for individuals omitted
Static network is assumed
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RECURSIVE LOGIT

Infinite horizon problem with an absorbing state d
(destination)

Ã = A∪d

u(a|k) = v(a|k)+µε(a), ε(a) i.i.d. EV type 1

v(a|k) = v(xa|k;β )< 0 ∀a,k ∈ A, v(d|k) = 0
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RECURSIVE LOGIT

Traveler chooses next link given current state, stochastic
process having Markov property

Next state given with certainty by the action

Traveler observes ε(a) ∀a ∈ A(k), chooses action a that
maximizes sum of u(a|k) and expected maximum downstream
utility V (a)
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RECURSIVE LOGIT

Bellman equations

V (k) = E
[

max
a∈A(k)

(v(a|k)+V (a)+µε(a))
]
∀ k ∈ A

Infinite horizon but no discounting!
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RECURSIVE LOGIT

Probability of choosing link a given state k

P(a|k) = e
1
µ
(v(a|k)+V (a))

∑a′∈A(k) e
1
µ
(v(a′|k)+V (a′))
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RECURSIVE LOGIT

Expected maximum utility corresponds to the ”logsum”

V (k) =

{
µ ln∑a∈A δ (a|k)e

1
µ
(v(a|k)+V (a)) ∀k ∈ A

0 k = d

δ (a|k) = 1 if a ∈ A(k) and zero otherwise

Note that denominator in P(a|k) is e
1
µ

V (k)
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PROPERTIES

Solving the Bellman equations

e
1
µ

V (k) =

{
∑a∈A δ (a|k)e

1
µ
(v(a|k)+V (a)) ∀ k ∈ A,

1 k = d
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PROPERTIES

System of linear equations

z = Mz+b⇔ (I−M)z = b

z (|Ã|×1), zk = e
1
µ

V (k)

b (|Ã|×1), bk = 0 ∀k ∈ A, bk = 1,k = d

M (|Ã|× |Ã|)

Mka =

{
δ (a|k)e

1
µ

v(a|k) ∀a ∈ Ã, ∀k ∈ A
0 otherwise
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PROPERTIES

The system has a solution if (I−M) is invertible which
depends on the balance between the number of paths that
connect nodes in the network and the size of 1

µ
v(a|k)

1
µ

v(a|k) are network dependent since they are scaled to the
variance of the error terms

Dense networks and many alternative paths do not necessarily
imply that I−M is ill-conditioned
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PROPERTIES

Path probabilities

Observation σ = {ki}I
i=0, k0 is the origin and kI = d

By the Markov property P(σ) = ∏
I−1
i=0 P(ki+1|ki)

P(σ) =
I−1

∏
i=0

e
1
µ
(v(ki+1|ki)+V (ki+1)−V (ki))

= e−
1
µ

V (k0)
I−1

∏
i=0

e
1
µ

v(ki+1|ki)

Denote v(σ) = ∑
I−1
i=0 v(ki+1|ki)
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PROPERTIES

P(σ) =
e

1
µ

v(σ)

e
1
µ

V (k0)
=

e
1
µ

v(σ)

∑σ ′∈Ω e
1
µ

v(σ ′)

Path based multinomial logit model with an infinite number of
alternatives

Ω set of all paths (including those with loops)

IIA property holds over paths
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PROPERTIES

Link flows for one destination d and multiple origins (no
capacity constraints)

F(a) expected link flow on a ∈ A, G(a) demand originating at
a

F(a) = G(a)+ ∑
k∈A

P(a|k)F(k)

(I−P)F = G, Baillon and Cominetti (2008) prove that (I−P)
is invertible

Link size attribute can be defined as LSod = Fod(β̃ ) with
G01 = 1
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ESTIMATION

A sample of observations of (different) travellers making path
choices σn, n = 1, . . . ,N, e.g. collected by GPS

Maximum likelihood estimation

max
β

LLN(β ) =
1
N

N

∑
n=1

lnP(σn;β ) (1)
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ESTIMATION

Log-likelihood function

LL(β ) = ln
N

∏
n=1

P(σn;β ) =
1
µ

N

∑
n=1

Tn−1

∑
t=0

v(kt+1|kt ;β )−V (k0;β )

Unlike a static logit model we need to solve the value
functions in order to evaluate choice probabilities

A non-linear optimization algorithm is used to search over the
parameter space

We use the NFXP algorithm since the value functions are not
expensive to compute
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APPLICATION

Borlänge network (3077 nodes, 7459 links, 21452 link pairs)

The value functions can be solved using a direct solver
(MATLAB)

Estimation based on 1832 path observations, 466 destinations
and over 37000 link choices

Comparison with path-based models
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APPLICATION

Instantaneous utilities

v(a|k) = βT T T Ta +βLT LTa|k +βLCLCa +βUTUTa|k

Travel time in minutes (TT)

Left turn dummy (LT) for turns larger than 40 degrees

Link constant (LC) to penalize paths with many crossings

U-turn dummy (UT)
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Parameters RL-LS RL PSL PL

β̂T T -3.060 -2.494 -2.738 -2.431
Rob. Std. Err. 0.103 0.098 0.086 0.083
Rob. t-test (0) -27.709 -25.449 -31.837 -29.289

β̂LT -1.057 -0.933 -1.000 -0.920
Rob. Std. Err. 0.029 0.030 0.027 0.029
Rob. t-test (0) -36.448 -31.100 -37.037 -31.724

β̂LC -0.353 -0.411 -0.545 -0.429
Rob. Std. Err. 0.011 0.013 0.012 0.013
Rob. t-test (0) -32.091 -31.615 -45.417 -33.000

β̂UT -4.531 -4.459 -4.366 -4.375
Rob. Std. Err. 0.126 0.114 0.118 0.119
Rob. t-test (0) -35.960 -39.114 -37.000 -36.765

β̂LS and β̂PS -0.227 1.461
Rob. Std. Err. 0.013 0.082
Rob. t-test (0) -17.462 17.817

β̂PS 1.461
Rob. Std. Err. 0.082
Rob. t-test (0) 17.817

L̂LN(β̂ ) -3.300 -3.441 -1.601 -1.688
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MODEL MISSPECIFICATION TEST

Mai, Frejinger, Bastin (forthcoming). A misspecification test
for logit based route choice models, Accepted for publication
in Economics of Transportation

How to apply the information matrix test proposed by White
(1982) and assessment of size and power

Information matrix equality is rejected for path-based and
recursive logit model

Path size and link size attributes significantly improve the
in-sample model fit but do not affect the outcome of the test
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RELAXING IIA

Mai, Fosgerau, Frejinger (2015). A nested recursive logit
model for route choice analysis, Transportation Research Part
B 75(1):100–112.

Scale parameters are link specific
u(a|k;β ) = v(a|k;β )+µkε(a), where µk = eωxk

The value functions are no longer the solution to a system of
linear equations

The system of non-linear equations can be solved by value
iteration with dynamic accuracy
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CROSS-VALIDATION

Cross validation approach: 80% for estimation, 20% for
prediction

40 holdout samples of the same size taken from the real
sample

Log-likelihood loss, averaged over holdout samples

errp =
1
p

p

∑
i=1

erri ∀1≤ p≤ 40

where erri is the log-likelihood loss for holdout sample i
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CROSS-VALIDATION
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DYNAMIC NETWORKS

Ramos, Frejinger, Daamen and Hoogendoorn. A revealed
preferences study on route choices in a congested network
with real-time information, IATBR 2012.

Observations of commuters travelling between Delft and The
Hague (GPS, travel diary and interview data)

Observations of actual travel time on links in one minute
intervals (provided by TomTom)
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DYNAMIC NETWORKS

A state is defined by location and time interval (value
functions computed for 560,000 states using a direct solver)

Results of dynamic model compared with static modes using
different specifications of travel time average e.g. over day
and peak hour

Cross-validation results indicate that the dynamic model
makes the best predictions
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DYNAMIC AND STOCHASTIC NETWORKS

Ongoing research with Song Gao, Tien Mai and Xinlian Yu

Data from Stockholm network

A state is defined by location, time interval and information

Link travel times are stochastic so the Markov transition
function is no longer degenerate

Leads to large state space and non-linear value functions

intermodal.iro.umontreal.ca |Page 62/65



BIKE ROUTE CHOICE

Ongoing research with Mike Florian, Tien Mai and Maëlle
Zimmermann

If link attributes are deterministic, we can deal with large
networks

We model bike choice in large (all streets) networks from Lane
and Portland (Oregon)

Use recursive logit model to simulate bike traffic in INRO
software
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LARGE-SCALE MEV MODELS

Ongoing research with Fabian Bastin, Mogens Fosgerau and
Tien Mai

Networks are not only useful for modelling route choice, they
can also be used to represent correlation structure

We compute choice probabilities with a dynamic programming
approach using the concept of network flow (allows us to use
matrix operations)

We can solve very large models in reasonable computational
time (500,000 alternatives, 2 million observations,
cross-nested model with 200 nests, 210 parameters in 4.3h
using simulated data)
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CONCLUDING REMARKS

Dynamic discrete choice models in combination with network
representations are flexible and powerful, by changing the
definition of the state space and the value functions one can
deal with complex correlation structures, dynamic and/or
stochastic attributes

The computational time required to solve the value functions
increase with the size of the state space and are more
expensive if they are non-linear

We share the MATLAB code used to estimate the different
recursive logit models upon request
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